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DYNAI-IIG  P^OBUr.'iS  OF  CYBFRNFTICS 


^~The  following  is  a  translation  of, the  introduction  and 
bibliography  of  the  book  entitled  Dinamicheskiye  Zada- 
ch?  Kibemetiki  (Dynajnic  Problems  of  Cybernetics)  by 
A.  S.  Kel'zon,  published  in  Leningrad  in  1919;  pages 
k  to  19,  and  287  to  290 


.INTRODUCTION 

Taa  ten  years  that  haye  passed  since  the  publication 
of  Jiener's  book  "Cybernetics"  (72)  have  been. years  of  in¬ 
tensive  v;ork  by  numerous  g^otips  of  scientists  with  the  aim  of 
credtins  a  seneral  theoretical  basis  for  various  branches  of 
sciences  that  participate  in  the  process  of  construction  of 
mechanical  and  electrical  systems  slated  for  realizins  stable 
and  purposeful  operations. 

Any  machine,  ship  or  airplane  may  be  regarded  as  a 
system  of  mechanical  and  electrical  components  that  realizes 
stable  and  purposeful  ope ratipn a,  .However,  there  is  on  es¬ 
sential  difference  between  the  science  that  studies  these  ma¬ 
chines  and  cybernetics. 

These  machines  are  either  Intended  for  the  production 
of  routine  operations  that  are  not  connected  with  any  chan-, 
ges  in  external  conditions,  or  else  these  objects  (for  exam¬ 
ple,  a  ship)  react  to  information  received  from  the  outside  by 
means  of  the  controlihg  of  the  action  which,  in  turn,  is  ac¬ 
complished  by  man. 

Cybernetics,  and  in  particular  that  branch  of  it  ;fhich 
is  called  engineering  cybernetics  by  Tsien,  H.S,  (71),  is  a 
science  that  integrates  information  about  external  conditions, 
trandfoSation  of  this  information  into  control  signals,  and 
examination  and  selection  of  a  system  of  automatic  control 
that  realizes  particular  stable  operations. 

In  classical  problems  of  automatic  controk,  for  exam¬ 
ple,  in  the  problem  of  sustaining  constant,  angular  velocity 
of  the  shaft  of  a  steam  engine  or  in  the  problem  of  assuring 
stability  of  straight-line  uniform  flight  of  an  airplane, 
there  seem  at  first  glance  to  be  elements  of  cybernetics  engi¬ 
neering,  However,  the  essential  difference  of  these  problems 
from  cybernetic  problems  la  the  steady-state  of  the  ideal 
operation,  which  must  be  maintained  by  the  system  of  automatic 
control. 
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Thus,  in  the  problem  of  resulating  the  stroke  of  the 
steam  ongino,  the  ideal  operation  is  shaft  rotation  with  a 
constant  proscribed  angular  velocity.  The  system  of  automatic 
control  is  predestined  for  eliminating  or  decreasing  any  de¬ 
flection  of  the  angular  velocity  from  the  prescribed  value. 
Analogously,  in  the  problem  of  automatic  control  of  airplane 
motion,  the  ideal  operation  is  the  regular  and  straight-line 
mot ion. 

The  task  of  the  system  of  automatic  control  is  to  main¬ 
tain  this  steady-state  operation  and  reduce  to  zero  all  inci¬ 
dental  or  systematic  deviations  from  this  operation. 

In  the  problems  of  cybernetics,  the  selection  of  the 
ideal  operation  is  an  independent  scientific  problem,  and, 
since  the  optimum  ideal  operation  of  motion  is,  in  the  majo¬ 
rity  of  cases,  transient  in  nature,  this  leads  to  the  deve¬ 
lopment  of  completely  new  directions  in  the  science  of  auto¬ 
matic  control. 

Thus,  the  problems  of  cybernetics  include  branches 
which  touch  upon: 

a)  the  selection  and  comparative  analysis  of  ideal  opera¬ 
tions  of  motion; 

b)  the  selection  and  comparative  analysis  of  information 
parameters  of  external  conditons; 

c)  the  selection  and  comparative  analysis  of  the  methods 

of  transformation  of  information  about  the  external  conditions 
into  control  signals; 

d)  the  selection  and  comparative  analysis  of  the  system  of 
automatic  operation  of  motion  from  the  point  of  viev;  of  stabi¬ 
lity  and  qualitative  criteria. 

Cybernetics  as  a  science,  must  develop  and  systematize 
the  methods  of  computation,  analysis  and  synthesis  applied  in 
engineering  practice.  The  appearance  of  high-speed  alectronic 
simulating  and  numerical  digital  computers  led  to  the  tendency 
to  solve  concrete  problems  by  means  of  the  methods  of  approxi- 
matonumcrical  integration  of  differential  equations  of  motion. 
However,  such  an  approach  does  not  permit  evaluating  the  pro¬ 
blem  as  a  v/holo  and  making  general  conclusions  irrespective  of 
the  concrete  significance  of  these  or  other  values,  as  well 
as  the  initial  conditions  of  motion. 

Thus,  cybernetics  as  a  science  cannot  reject  analytical 
study  of  a  problem,  , 

Analytical  study  usually  becomes  possible  after  some 
assumptions;  the  selection  of  these  limitations,  made  in  such 
a  manner  that  the  basic  lav/s  of  the  characteristics  are  not 
disturbed,  is  one  of  the  nicest  and  most  difficult  problems 
of  cybernetics, 

•Tith  this,  computing  mechanisms  retain  the  greatest  si¬ 
gnificance  and  are  utilized  in  two  directions,  /rom  one  side, 
these  machines  allow  fitting  analytic  investigation  to  those 
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areas  in  which  it  is  not  possiblo  to  obtain  a  solution  in  go- 
noral  form.  From  tho  other  side,  after  tho  basic  laws  have 
boon  established,  tho  solution  in  each  concrete  case  may  bo 
rofiiiod  with  tho  aid  of  computers  by  the  methods  of  numerical 
integration. 

Along  with  the  aubsoquont  dcvolopmcnt  of  tho  general 
state  of  cybernotics,'  the  application  of  methods  of  engineer¬ 
ing  cybernetics  to  the  solution  of  concrete  problems  of  con¬ 
temporary  technology  has  tho  most  important  significance, 

Tho  application  of  cybernetics  to  a  number  of  tcclino- 
logical  problems  v/as  demonstrated  in  the  work  of  Tsicn, .H,3, 
(71):  control  of  the  range  of  ballistic  missile,  regulation 
of  turboprop  engines,  automatic  control  of  the  operation  of 
turbojet  engines,  etc.  This  allov^ed  the  author  to  make  a  de¬ 
finite  contribution  also  to  the  developnont  of  tho  general  me¬ 
thods  of  cybernetics,  ■ 

Thus,  the  problem  of  selecting  the  system  of  automatic 
control  of  the  range  of  ballistic  missile  allowed  Tsicn, 
to  work  out,  for  the  given  problem,  a  method  of  computing  the 
systems  of  automatic  control  which  arc  described,  by  moans  of 
differential  equations  in  variations  with  variable  coeffi¬ 
cients,  ■ 

Thus,  tho  examination  of  concrete  dynamic  problems  from 
tho  standpoint- of  cybornotics  not  only,  allows  discovering  tho 
general  laws  in  the  given  problem,  but  also  to  enrichment  of 
tho  aci(-noo  of  cybernotics  itself  by  new,  fruitful  methods, 

I'-,  this  book,  the  attempt  is  being  made  to  examine 
systematically,  from  tho  point  of  view  of  cybernetics,  one  of 
the  problems  in  tho  area  of  automatic  control  of  motion:  the 
problem  of  missile  homing  to  a  moving  target. 

me- 

■a- 

At  the  end  of  tho  Second  iorld  .7ar,  for  striking  immo¬ 
bile  as  well  as  mobile  targets  (airplanes,  enemy  ships,  etc.), 
guided  react ion-propollcd  missiles,  with  a  homing  head,  wore 
utilized  for  the  first  time. 

The  action  of  such  a  guided  missile  in  the  air  or  in 
tho  water  is  composed  of  throe  stages; 

Stage  I  -  approach  of  the  target.  During  this  stage,  the 
reaction-propelled  guided  missile  is  brought  into  the  area  of 
the  target  at  a  distance  within  the  homing  head  range.  This 
stage  nay  be  achieved  by  moans  of  a  ship,  airplane  carrier,  or 
missile  flight,  either  free  or  guided  by  radio. 

Stage  II  -  pursuit  of  tho  target,  v/hen  the  distance  bet¬ 
ween  tho  guided  missile  and  the  target  becomes  smaller  than 
the  radius  of  action  of  tho  homing  head,  tho  outside  guidance 
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of  tho  nissilc  is  tcruinatod  and  the  nissilo  is  suldod  bi?’  the 
honins  head  --  a  sensitive  cloinent  whose  axis  is  directed  to 
the  tarj^ot. 

Sta^G  III  -  striking  tho  target.  As  soon  as  the  distance 
botG'oon  the  "lissile  and  the  target  bocoaos  snaller  than  tho 
radius  of  action  of  the  proxinlt/  fuse,  the  latter  is  activa¬ 
ted  and  the  target  is  hit  by  the  explosion  of  the  niosile. 

If  tho  aissile  does  not  have  a  proxinity  fuse,  the  explosion 
occurs  only  at  Impact.  In  this  case,  the  second  stage  must 
terminate  in  the  accurate  hitting  of  the  target  by  the  mis¬ 
sile. 

The  most  complex  stage,  from  the  point  of  vievr  of 
technical  realization,  and  at  the  same  time  the  most  impor¬ 
tant,  tactically,  is  the  second  stage,  insofar  as  the  motion 
during  the  second  stage  is  decisive  for  successful  termination 
of  the  presented  problem  —  hitting  of  the  target.  The  cons¬ 
truction  of  the  guided  missile,  its  velocity,  the  selection 
of  the  automatic  guidance  system  realized  by  means  of  the  ho¬ 
ming  head,  arc  determined,  first  of  all,  by  tho  requirements 
of  Stage  II, 

In  target  pursuit  of  tho  guided  missile  with  a  homing 
head,  various  laws  of  approach  may  be  selected.  Those  lav;s 
of  target  pursuit  may  be  divided  into  three  basic  groups. 

The  first  group  Includes  target  pursuit  along  pursuit 
curves.  The  basic  condition  of  this  notion  is  that  the  velo¬ 
city  vector  of  tho  center  of  inertia  the  missile  always  passes 
through  tho  point  in  space  where  the  target  is  at  the  given 
moment . 

The  second  group  includes  target  pursuit  along  lead 
curves,  71th  this,  the  velocity  vector  of  tho  center  of  i- 
nertla  missile  makes  a  certain  angle  with  tho  missile-target 
direction.  This  angle  may  be  preserved  unchanged  during  mo¬ 
tion  or  may  change  according  to  some  law. 

The  third  group  includes  throe-point  curves  or  curves 
of  target  cover.  In  this  case,  tho  missile,  shifting  in  space, 
alv/ays  remains  on  tho  radius- vector  which  passes  through  the 
target  and  some  fixed  or  moving  point,  for  example,  starting 
point.  This  method  of  homing  is  frequently  called  beam  homing, 

:7ith  a  constant  load  angle,  the  trajectory  of  tho  mis- 
sllo  nay  become  straight  if  the  lead  angle  is  so  selected 
that  the  velocity  vector  of  the  center  of  inertia  the  missile 
is  directed  into  the  point  of  intercept  ion.  In  practice  it 
is  very  difficult  to  realize  straight-line  flight  of  a  missi¬ 
le  in  viev;  of  the  complexity  of  exact  detorminat ion  of  tho 
load  angle.  This  method  of  homing  is  called  parallel  approach, 
since  the  lino  vfnich  connects  the  rocket  with  tho  target  shifts 
with  this  parallel  to  itself.  In  this  case,  the  vector  of 
relative  velocity  of  the  missile  is  directed  to  tho  target. 
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The  curves  of  pursuit  and  threo-point  curves  cannot 
be  straisht  oven  with  strai^ht-lino  and  constant  notion  of 
the  tarset. 

In  non-rect iliiicar  notion  of  the  center  of  inertia  of 
the  .'.issile,  the  trajoctor:'’  curvature  is  United  by  the  ao- 
neiit  created  by  tho  rudder.  In  connection  whit  this,  the  a- 
bility  of  a  nissile  to  pursue  the  tarjet  along  one  of  those 
curves  until  impact  with  the  target  is  subject  to  investiga¬ 
tion. 

The  problem  of  target  pursuit  v/as  examined  by  a  num¬ 
ber  of  sciontlsto  as  a  kinematic  problem  of  nutual  motion  of 
t’.ro  points  towards  mutual  approach. 

The  problem  of  motion  of  a  point  along  a  curve  of  pur¬ 
suit  v.'as  set  for  the  first  time  by  that  man  of  genius,  the 
Italian  artist,  scientist,  and  engineer  of  the  Renaissance, 
Leonardo  da  Vinci,  in  1510  (51,39T» 

Indopcndontly  of  Leonardo  da  Vinci,  whose  work  remain¬ 
ed  unknown  until  the  end  of  the  Nineteenth  Century,  this  pro¬ 
blem  attracted  the  attention  of  the  prominent  Rronch  scien¬ 
tists  Bouguor  and  iiauportuis  In  1732,  The  first  solution  of 
the  problem  in  case  of  straight-line  notion  of  the  target  be¬ 
longs  to  Bougucr  (37).  Ilaupertuis  (6o)  formulated  the  pro¬ 
blem  in  a  more  general  v/ay,  when  the  target  moves  v;ith  a  con¬ 
stant  sealer  velocity  along  an  arbitrary  curve's*-,  Tho  works 
of  Bouguor  and  i-lauportuis  in  tho  beginning  of  tho  Nineteenth 
Century  became  equally  forgotten  and  the  problem  of  the  lino 
of  pursuit  v;ao  raised  as  a  new  oho  for  the  third  time  by  Du- 
bois-A^'-mc  (46),  Dubois-Aymo  called  the  pursuit  curve  the 
dog’s  curve.  This  name  has  since  spread  in  almost  the  same 
v;ay  as  the  original  name.  The  solution  of  tho  problem  cited 
in  this  note  turned  out  to  be  erroneous,  and  the  honor  of  dis¬ 
covery  of  the  nev/  problon  has  been  undeservedly  attributed  to 
Dubols-A'yme,  Hovrovor,  this  note  has  played  a  positive  role, 
since  it  induced  a  series  of  works  vrhich  have,  to  a  considera¬ 
ble  degree,  solved  theproblom  of  tho  curve  of  pursuit.  The 
first  of  these  works  vms  the  article  of  Laurent  (56),  In  this 
thorough  investigation,  results  wore  obtained  anew  which  are 
found  in  Bouguor,  and  subsequent  investigations  v^ore  conduc¬ 
ted;  in  particular,  the  curvature  radius  of  the  pursuit  curve 
was  fou3id,  and  its  limit  values  at  tho  moment  of  hitting  tho 
target  in  dopcndoncc  on  correlation  of  the  velocities  of  both 

"‘It  is  necessary  to  note  tho  inaccuracy  allowed  in  this  connec¬ 
tion  by  Loria  (53),  Lorla's  reference  to  the  work  of  Mauper- 
tuis;  "'iolution  d'un  problomc  do  goomotrie"  is  incorrect,  since 
this  work  bolongs  to  Clalraut  and  has  ho  connection  to  the 
curves  of  pursuit. 
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points  iTCiS  determined.  The  problem,  as  in  Bousucr,  is  limi¬ 
ted  by  the  case  of  the  straight  line  and  constant  velocity  of 
the  target.  In  subsequent  v/orlcs  of  Laurent  and  Sturm  (57), 
the  proble.i  is  solved  for  a  case  unlilccly  in  practice,  v/hen 
the  pursuing  point  participates  in  transfer  motion  v/ith  a 
medium  uhich  moves  progressively  v/ith  a  constant  vector  ve¬ 
locity.  The  same  problem  is  elegantly  solved  by  Querret  (67). 
At  the  same  time,  he  restores  the  priority  of  Bouguer  and 
haupertuis. 

Independently  and  simultaneously  with  the  work  of  Lau¬ 
rent,  an  article  by  Burg  was  published  in  Vienna,  which  was 
devoted  to  the  problem  of  the  curve  of  pursuit,  raised  by 
Dubois-Ayme,  In  this  work,  the  probleei  is  solved  v/lthin  a 
systee  of  oblique  coordinates.  The  surfaces  of  the  solids 
of  revolution  are  also  found,  v/hoso  generatrix  is  the  curve 
of  pursuit. 

Ficklin  (43)  gave  a  general  formula  of  the  length  of 
the  pursuit  curve  in  the  case  when  the  pursuing  point  moves 
alo-i-ig  a  straight  line  and  regularly. 

The  works  of  Ingalls  T54),  Barbour  (36)  and  G-ossclin 
(50)  are  also  devoted  to  various  aspects  of  the  problem  of 
Bouguer. 

The  works  of  Cesaro  (44)  arc  devoted  to  one  particular 
case  of  the  relative  movement  of  two  points,  under  v/hich  the 
trajectory  of  one  of  them  is  the  curve  of  pursuit, 

I'obilc  (63)  applied  the  methods  of  natural  geometry  to 
the  investigation  of  the  curve  of  pursuit  and  also  developed 
the  ideas  of  Cesaro, 

Gauss  (49)  discovered  certain  interesting  geometric 
peculiarities  of  the  curve  of  pursuit  for  the  case  of  straight- 
line  movement  of  the  target. 

The  solution  of  the  problem  of  Bouguer  in  the  vector 
form,  applying  natural  axes  of  coordinates  and  the  formula  of 
Frenot,  v;as  given  by  Puckette  (66)  in  1953. 

Lucas  (59)  raised  for  the  first  time  the  problem  of  mu¬ 
tual  pursuit  along  the  curve  of  pursuit  of  three  dogs  placed, 
at  the  beginning  of  motion,  at  the  vertexes  of  an  equilateral 
triangle, 

Brocard  (38)  determined  that  in  this  case  all  throe 
trajectories  arc  logarithiaic  spirals. 

The  same  problem  i/as  solved  by  Hackott  (52)  in  a  more 
general  way  by  the  method  of  numerical  integration.  Finally, 
Ilorskoy  (17)  obtained  the  general  condition  of  the  movement 
of  a  point  along  the  curve  of  pursuit,  when  the  latter  tra,ns- 
forns  into  a  logarithmic  spiral, 

Ixi  1877,  Brocard  (40)  raised  the  problem  of  determi¬ 
ning  the  curve  of  pursuit  in  the  case  when  the  pursued  point 
:;ovcs  evenly  along  a  circumference,  and  the  pursuit  begins 
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from  the  center  of  the  sane  clrouaforence,  Havlns  obtained 
no  roeult,  Brocard  (40)  again  raiood  the  aa,ae  problem  in 
1333,  proposing  to  ILnit  the  oo^ution  by  sotting  up  the  dif- 
icrenticj  equation  of  the  curve  of  pursuit.  This  tiijo,  the 
solv.tion  ’/as  given  by  Xcelhofi  (55).  This  differential  equa¬ 
tion  ’./as  brought  by  Ounoycr  (47)  to  a  differential  equation 
of  first  degree  and  he  also  analyzed  the  integral  curves  by 
the  nethod  of  Poincare,  The  sans  problen  v/as  solved  by  the 
ncthod  of  graphic  integration  of  differential  equations  by 
ilorley  (6l).  A  qualitative  analysis  of  this  problon  v/as  gi¬ 
ven  by  Hathaway  (53)  in  1921. 

The  problem  of  ilaupertuls  received  further  devclopncnt 
in  the  v/orks  of  Dlengor  (45)  and  Horskoy  (27).  In  those  ar¬ 
ticles,  the  differential  equations  of  the  curve  of  pursuit  in 
the  case  of  an  arbitrary  flat  trajectory  of  the  pursued  point 
are  given,  Dienger  does  not  exaaino  the  possible  ways  of 
integrating  this  differential  equation,  ilorskoy  integrates 
this  equation  only  for  throe  specific  cases,  fron  which,  in 
the  first  case..,  he  returns  to  the  problen  oxaninod  by  Bou- 
guerj  in  the  second  case,  the  curve  of  pursuit  transforns 
into  logarith:;.ic  spiral. 

D'Ccagno  (64)  and  Burincistor  (42)  devolopod  a  sJnplo 
geometrical  method  for  plotting  the  curvature  center  of  the 
curve  of  pursuit  for  the  general  case  of  the  flat  trajectory 
of  the  pursued  point. 

The  system  of  differential  equations  of  thO  curve  of 
pursuit  in  the  case  when  the  pursued  point  moves  along  a  spa¬ 
ce  curve  was  given  by  Cailler  (43)  in  1924, , 

In  the  work  of  Pugachev  (20),  the  problems  of  determi¬ 
ning  the  lead  angle  in  connection  v/ith  one  problem  of  shooting 
moving  targets  is  examined. 

The  dissertation  of  Bordovsky  (21)  examines  the  curve 
of  pursuit  for  a  point  of  variable  mass. 

Historical  notes  of  investigations  of  the  curve  of  pur¬ 
suit  wore  put  together  by  Archibald  and  .-lanning  (35);  they 
are  also  cited  in  the  works  of  Loria  (58),  Neville  (62),  and 
Pucketts  (66). 

The  kinematic  problem  of  movement  along  a  three-point 
curve  ’/as  examined  for  the  first  time  by  iildcr  (68),  Having 
put  together  the  differential  equation  of  the  curve,  </ilder 
determined  the  curvature  at  any  point  of  the  trajectory,  a- 
symptote,  inflection  point,  and  other  elements  of  the  curve. 
Further,  he  constructed  all  of  the  solutions  without  integra¬ 
ting  the  differential  equation  of  the  curve.  At  the  end  of 
his  work,  /ilder  points  to  possible  ways  of  integrating  the 
differential  equation,  refusing  to  apply  them  himself  duo  to 
their  complexity. 

During  and  after  the  Second  Yorld  Har,  works’ appeared 
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’.rliich  ircrc  devoted  to  the  Dovc-jcnt  of  honlns  laiaslles  which 
pursue  a  tar30t. 

In  the  work  of  Porret,  Roth,  3iinzor,  and  Vaellny  (69), 
the  prohlc-i  of  pursuing  a  target  vihich  .2oves  horizontally,  o- 
quali '•j  and  along  a  straight  line,  by  a  rocket  which  is  guid¬ 
ed  by  a  gas  jet  is  examined,  fhe  flight  occurs  along  a 
three-point  curve*  The  differential  equations  of  the  notion 
are  integrated  by  the  numerical  nethod  for  a  nunber  of  ini¬ 
tial  conditions.  The  doctoral  dissertation  of  Roth  (73)  is 
devoted  to  the  sane  problen.  In  both  works,  the  authors  Ifiit 
theaselvcs  by  the  dcternlnation  of  the  trajectory  of  tho  roc¬ 
ket  and  oscillations  of  the  body  at  the  gr‘avitat ional  center. 

In  a  work  by  the  Gcrnan  guidcd-nissilcs  specialist 
Leisegang  (82),  a  klnenatic  investigation  of  the  ..lovoncnt  of 
a  rocket  guided  by  tho  ncthod  of  target  coverage  is  conducted. 
In  an  investigation  by  neans  of  this  nethod,  the  point  fron. 
ivhich  tho  shot  is  fired,  the  nissile,  and  the  target  are  al- 
wa-/s  on  tho  sane  straight  line.  The  rocket  describes  a  tra¬ 
jectory  v;hlch  is  called  tho  throe-point  curve.  Leisegang  re¬ 
gards  the  alssilc  and  tho  target  as  points  which  novo  with 
constant  velocities.  Tho  trajectory  of  the  target  is  the 
straight  line. 

The  author  analyzes  a  case  of  shooting  fron  ground  to 
an  airplane  and  finds  tho  differential  equation  of  the  trajec¬ 
tory  of  the  nissile  guided  by  tho  nothod  of  target  coverage. 
The  obtained  differential  equation  nay  bo  reduced  to  quadra¬ 
tures  which  are  expressed  in  olliptical  functions.  Therefore, 
the  author  selects  for  further  investigation  another  nothod  — 
the  nothod  of  approxinatod  structure  of  tra-jcctorios  of  the 
guided  nissiles.  The  obtained  differential  equation  of  tho 
throe-point  curve  is  utilized  by  the  author  for  finding  the 
fornula  of  the  radius  of  tho  trajectory  curvature  of  tho 
guided  nissile.  Having  obtained  tho  value  of  the  curvature 
radius,  Leisegang  detornines  the  locus  of  the  point  of  :iaxi:.:u.:2 
curvature  or  nininun  radii  of  curvature, 

A  subsequent  investigation  is  conducted  by  neans  of 
constructing  approxinatod,  three-point  trajectories  of  tho 
□Issile,  depending  on  various  angles  of  starting,  on  various 
distances  of  the  trajectory  to  the  target,  as  well  as  on 
various  correlations  of  velocities  of  tho  alssilc  and  the 
target,  iCach  Investigation  is  conducted  separately;  furthor- 
nore,  in  a  study  of  the  various  starting  angles,  the  distance 
to  target  and  correlation  of  the  velocities  of  the  nissile 
a.nd  target  are  taken  to  be  constant.  In  tho  sane  :::anner,  the 
influence  of  two  other  factors  is  investigated;  the  change  of 
distance  to  target  and  the  correlation  of  nissile  and  target 
velocities. 

Further  on  in  the  work,  three-point  trajectories  ob¬ 
tained  in  various  cases  of  shooting  fron  one  airplane  to 
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anothor  arc  discussed.  The  acthod  of  their  approx i^iated 
construction  doos  not  differ  in  principle  froiu  the  construc¬ 
tion  of  curves  in  shooting  fron  ground  to  airplane,  only  in 
this  ease  nevr  independent  factors  are  added:  the  speed  axid  tho 
direction  of  flight  of  the  attaching  airplane,  ilahing  up  his 
:.:ind  as  to  tho  value  of  the  sieallcot  possible  radius  of  cur¬ 
vature,  tho  author  gives  a  ncthod  for  calculating  errors  of 
hitting  in  unfavorable  correlations  of  the  speeds  of  the  .eis- 
sile  and  tho  target,  when  the  curve  of  the  trajectory  at  any 
point  becomes  so  large  that  the  nissilc  cannot  follovr  further 
along  the  throe-point  trajectory.  It  is  proposed  viith  this 
that  tho  nissile,  beginning  at  this  critical  nonent,  noves 
along  an  arc  of  tho  clrcuuferonco  of  the  snallcst  ' tolerable 
radius  of  curvature, 

T^^ro  v/orlis  of  RiJsslcr  (83),  tho  proninent  Gernan  spe¬ 
cialist  in  ronoto  control,  are  devoted  to  target  pursuit  a- 
long  the  curve  of  pursuit  and  with  a  constant  angle  of  ad¬ 
vance,  Regarding  the  nissilo  and  tho  target  as  loci  which 
novo  v/ith  constant,  scalar  volocitics  at  the  tine  v;hcn  the 
target  moves  along  a  straight  lino,  HiBssler  finds  the  equa¬ 
tions  of  the  trajectories  of  tho  missile,  also  tho  curve  of 
pursuit  in  constant  angle  of  advance. 

Utilizing  tho  equations  of  tho  trajectories,  the  author 
determines  for  both  cases  tho  law  of  change  of  tho  radius  of 
curvature  of  tho  curves  and  the  condition  under  which  the  dis¬ 
tance  betv/oen  the  rocket  and  the  target  decreases  monotonous¬ 
ly,  This  part  of  the  work  has  the  most  important  theoretical 
significance. 

The  subsequent  analysis  of  Rd^sslcr  is  reduced  to  a  cal¬ 
culation  of  tho  probability  of  hitting  the  target,  Tho  au¬ 
thor  makes  up  his  mind  as  to  the  minimal  tolerable  radius  of 
curvature  of  the  trajectory  of  the  missile  proceeding  from 
the  fact  that  tho  acceleration  which  the  missile  may  achieve 
is  limited  by  its  ruddor  and  mass  Dharactoristics.  Tho  tar¬ 
get  is  considered  as  having  been  hit  not  only  in  a  mathema¬ 
tically  .  precise  hit,  but  also  in  the  case  when  tho  distance 
between  tho  missile  and  the  target  becomes  smaller  than  the 
radius  of  action  of  the  proximity  fuse. 

R(yssler  feels  that,  after  reaching  tho  maximum  tolera¬ 
ble  acceleration  (the  smallest  radius  of  curvature),  tho  rud¬ 
ders  remain  in  tho  sarnie  extreme  position  and  the  missile,  ha¬ 
ving  departed  from  the  curve  of  pursuit  or  the  curve  of  tho 
constant  angle  of  advance,  describes  an  arc  of  a  circuieferon- 
co  which  is  located  in  tho  same  plane  as  tho  curve  of  pur¬ 
suit,  If,  after  such  a  flight,  tho  axis  of  the  homing  head 
vfill  again  find  itself  directed  to  the  target,  then,  from 
this  moment  on,  tho  missile  will  begin  to  move  along  the  se¬ 
cond  curve  of  pursuit. 
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Tho  probability  of  hittins  tho  target  is  dotcr:-iincd  by  Riiss- 
lor  in  various  li:.uts  of  cquiprobablc  values  of  the  initial 
ansle  of  attack;  a)  when  the  pursuit  aay  be  c oe-'.onc ed  fro.: 
any  direction,  and,  b)  when  tho  pursuit  co-eaences  fro.::  be- 
hi:iT,  fro:.:  th..  sector  li::ited  by  6o°  angles  fro..:  th-  dirv.-c- 
tien  prv.ciseli'-  into  the  tail,  For  the  curve  of  pursuit,  R'5ss- 
ler  deterieiiies  how  the  probability  of  hitting  changes  under 
various  correlations  of  velocities  of  the  .eissile  and  the  tar¬ 
get,  as  v/oll  as  under  tho  change  of  only  the  speed  of  the  tar- 
Set . 

For  a  flight  along  a  curve  of  the  constant  angle  of 
advance,  Rdjssler  deteruines  tho  change  of  the  probability  of 
the  hit  if  the  axis  of  the  ho:.:ing  head  leakes  up  a  constant 
angle  with  the  direction  of  the  tangent  to  the  nissilo  tra- 
Jectoryk 

Thus,  in  the  works  of  Rdsaler,  as  v:cll  as  in  the  v/orks 
of  Lc isogang,  tho  authors  confine  thonsolves  to  th>--  investi¬ 
gation  Ojl  the  trajectories  of  tho  curves  of  pursuit:  th>:.  cur¬ 
ve  of  pursuit,  the  curve  of  the  constant  angle  of  advance, 
and  the  three-point  curve. 

The  content  of  these  works  is  the  kincnatic  problcn 
of  the  notion  of  two  points  of  which  one  ;uoves  along  a  straight 
line  and  constant  velocity  and  the  other  pursues  the  first 
V7ith  a  constant  speed  along  these  curves,  ./ith  this,  it  is 
necessary  to  note  that  even  this  simplest  kineieatic  problem 
has  not  been  solved  to  the  end:  the  equations  of  the  novenent 
of  the  point  have  not  been  obtained  in  any  of  those  works, 

Tho  attempt  to  relate  the  obtained  kinenatic  data  (the 
equations  of  the  trajectories)  with  the  dynamics  of  the  nis- 
sile,  whil  ing  up  one's  eiind  about  the  nininun  radius  of 
the  curvature  of  trajectory  which  can  be  achieved  by  the  cen¬ 
ter  of  inertia  of  tho  rocket,  is  a  first  and  extrcncly  inac¬ 
curate  approximation  in  this  direction. 

Together  v/ith  this,  these  works  allow  drawing  certain 
general  conclusions  about  the  tactics  of  utilization  of  guided 
r.issilos  v/ ith  ho:.: ing  heads,  irrespective  of  tho  construction 
and  dyna:.:ic  characteristics  of  the  specific  .missiles. 

Beginning  v/ith  1945,  :many  v;orks  appear  in  print  in  the 
United  States  of  Ancrica  devoted  to  the  proble.m  of  a  honing 
systc:;,:  of  guidance.  One  of  the  first  is  the  work  of  Ncifell 
(78),  in  which  the  kine.matic  problen  of  the  relative  ;motion 
of  two  points  is  analyzed,  of  which  one  -  the  target  -  imoves 
along  a  strc.lght  line  and  uniformly,  and  the  other  -  tho  pur¬ 
suing  point  -  .moves  according  to  one  of  five  :mothods  of 
guidance  and  horming:  a)  guidance  by  a  bcaim;  b)  hoiming  with 
zero  angle  of  advance  (along  the  curve  of  pursuit);  c)  ho;.:ing 
with  a  constant  angle  of  advance;  d)  ho;ming  by  the  .method  of 
parallel  approach;  e)  hoiming  by  tho  miethod  of  proportional 
navigation. 
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In  tho  noxt  ^9^6,  tho  work  of  Spitz  (79)  -ppcnrs, 

in  which  tho  .oothod  of  proportional  navigation  ia  oxa.iinod  aa 
a  lcino;.iatic  probloa  of  autual  action  of  tv/o  scoaotrlc  point  a; 
tar^jct  and  '.'.is alio. 

In  tho  v/orhs  of  fuan  '(74),  Bonnot  and  ^latlivv/s  (75), 
various  methods  of  ho;:in3  '(tho  .is-thod  of  proportional  n.ovi- 
Sation,  th^-  curvo  of  pursuit,  parallel  approach)  are  -xa.'.i- 
nod;  iurthcraoro,  analytic  and  approxia.ato  nu-ivrical 
thods  of  solution  of  tho  kinciiatic  probloa  of  relative  :otion 
of  two  sooaotric  pointa  arc  utilized. 

In  the  work  of  Adlor  (76),  the  aethod  of  proportional 

navigation  ia  ..xaa.i nod  in  pursuit  of  the  tarjot  in  threo- 

dir^enaional  space,  v;hcn  previously,  except  for  tho  v.’ork  dT 
Cailler  (43),  all  invest i^at ions  were  liaitod  by  the  study 
of  the  plane  probloa.  Adler  also  liaits  hi.iaolf  by  the  exa- 
aination  of  the  kino..:atic  probloa  of  tho  aissilo  aotion  - 
tho  locus  which  pursues  tho  target. 

In  tho  book  of  Locke  (70),  a  auaaary  of  Aacrican  re¬ 
search  in  the  area  of  guidance,  perforaod  during  the  ten 
postwar  years,  is  given. 

On  one  hand,  in  this  work,  tho  trajcct cries  of  a  ais¬ 
silo  which  is  regarded  as  a  point  v;hich  .’ovos  along  the  curve 

of  pursuit  with  a  constant  angle ' of  advance,  are  analyzed 
according  to  tho  aethod  of  parallel  approach,  according  to 
the  aethod  of  proportional  navigation,  and  in  guidance  by 
tho  boc;a.  Those  kineaatic  investigations  arc  connected  with 
tho  dynaalcs  of  tho  aissilo-  by  aeans  of  an  exa:.:ination  of  tho 
charr.ctor  of  tho  change  of  noraal  acceleration  or  angle  velo¬ 
city  of  turn  of  uho  tangent  near  to  the  target  approaches 
zero,  then  this  is  sufficient  to  assure  the  accurate  flight 
of  the  aissilo  to  tho  target.  At  the  saao  ti-.:o,  Locke  states 
that  the  angle  of  turn  of  tho  rudder  is  proportional  to  tho 
angular  velocity  of  the  turn  of  tho  tangent* 

■iSxaaining,  on  the  other  hand,  the  dynaalcs  of  tho  ais¬ 
silo  during  guidance  of  the  rudder  along  one  of  tho  five  se¬ 
lected  aethods  of  pursuit  arid  applying  to  the  differential 
equations  of  aissilo  aotion  the  law  of  the  rudder  turning  as 
functions  of  the  angle  of  error,  Locke,  enter Ing  into  a  con¬ 
tradiction  with  his  previous  conclusions,  states  (on  the  ba¬ 
sis  of  siaulating  on  electronic  coaputors)  the  inevitability 
of  a  aiss  and  the  absolute  necessity  of  shutting  off  the 
hoeing  systoa  near  the  target.  This  incorrect  evaluation  of 
the  vfnolo  probloa  of  ho.iing  is  prevalent  at  the  present  tlee. 
Thus,  Adler  (76),  exaaining  tho  aethod  of  proportional  navi¬ 
gation,  states  analogously : "It  is  possible  to  dcaonstrate 
that  for  zf^\  -  1  (i.o,,  if  the  aissilc  is  taken  as  a  aatc- 
rial  point y^-Lliis  equation  always  leads  to  the  aissilo  hit¬ 
ting  thb‘te.rgot  (for  point  objects);  furthoraorc,  this  occurs 
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durii^  the  finc.l  tL::o  interval  and  for  a  finite  value  of  the 
;.:i-^sile  acceleration.  This  conclusion  docs  not  change  even 
in  the  presence  of  errors  of  aioins  or  loano^^uvers  of  the  tar¬ 
ter,  For  a  real  leissile,  v/hich  has  a  transfer  function  that 
differs  fro.;  one,  the  points  that  represent  the  f.issile  o.nd 
the  tarf,et  \-iill  never  coincide". 

This  contradiction,  v/hich  was  callv^d  by  Baxter  (30) 

"the  . :athe: latlcal  paradox  of  th^  curve  of  pursuit"  do^s  not 
find  Its  needed  explanation  in  the  works  of  Locke  and  Adler, 
Locke  (70)  utilizes  the  kineeatic  invest i^at ion  of  the 
r^lo-tive  ;;otion  of  the  .lissilo  for  selection  of  the  syste.::  of 
autO-;atic  control  of  the  notion.  For  this,  on  one  hand,  the 
a eplitude-frequoncy  spcctru  i  of  the  angular  velocity  of  the 
turn  of  the  tangent  to  the  trajectory  of  the  ;.:issile,  th^. 
value  is  constructed  that  is  proportional  to  nornal  accele¬ 
ration  (since  the  scalar  velocity  is  constant).  On  the  o- 
ther  hand,  the  amplitude- frequency  spectrun  is  constructed 
for  the  selected  systen  of  autonatic  control  of  notion  of  the 
:issllo.  Co.iparlson  of  these  two  a:eplitude-frequi:.ncy  spec- 
tru:.:  serVv^s  as  a  theoretical  criterion  of  the  quality  of  the 
selected  syste:.:  of  auto..:atic  control.  This  ..lethod  is  based 
on  the  assuf.ption  that  the  angle  of  turn  of  the  rudder  is 
proportional  to  the  angular  velocity  of  the  turn  of  the  tan¬ 
gent  -•  v7hich  is  taken  by  Locke  (70)  and  by  other  researchers 
as  indisputable  and  as  requiring  no  proofs. 

In  fact,  as  v;ill  be  dononstrated  below,  this  assunp- 
tion  is  Incorrect;  it  does  not  take  into  account  the  dyna- 
.:iics  of  the  :.:lssilo  itself  as  a  solid  body,  it  leads  to  con¬ 
siderable  ^rors,  and  in  a  nunber  of  inportant  cases,  it 
leads  to  results  which  are  sinply  contrary  to  the  truth. 
Independently  of  ..lotion  along  ideal  trajv.>cto''les, 

Locke  (70)  regards  the  real  ..lotlon  of  the  guided  ..lissile.  The 
differential  equations  of  the  .eotion  of  the  ..lissilo  arc  nu- 
.'.ci'ically  integrated  together  with  the  selected  law  of  rudder 
control.  The  law  of  rudder  control  is  selected  depending 
on  v/liich  of  the  five  ideal  trajectories  the  r.issile  should 
.:ov^  near.  /ith  this,  it  is  natural  that  the  real  trajecto¬ 
ries,  even  in  the  absence  of  perturbances  in  the  .lotion  of 
the  targ..-t,  as  well  as  in  thv.  lotion  of  the  nissile,  v/ill 
differ  fro:.i  the  ideal  ones,  sinco  the  lav;  of  rudder  control 
alon,g  the  angle  of  error  :.iay  assure  close,  but  not  precise 
.lotion,  along  the  ideal  trajectory. 

The  appearance  of  contc.iporary  high-speed  electronic 
co.'.puters  led  to  a  tendency  to  co-ipute  these  near,  roal,  per¬ 
turbed  trajectories  separately  and,  procoding  fron  this  nu:.ie— 
rical  integration  of  differential  equations  of  ..lotion,  to  se¬ 
lect  the  coefficients  of  the  syste;:  of  auto..iatlc  control.  Such 
an  approach  to  the  problc..:  is  v-specially  attractive,  since  the 
si..iuiation  devices  allov;  nu:.:erically  integrating  linear 
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of  Lictcricil  points,  and  a  strict  proof  of  the  necessary  and 
sufficient  c- nditions  v/hon  an  invest igatioxi  of  stability,  ac- 
cordins  to  the  first  approxi..:at ion  v:ith  application  of  linca- 
rioed  equations,  is  in  order.  In  thv.  sane  work,  Lyapunov 
piv:p3scd  and  developed  liis  "second  leethod",  v/hich  is  a.  power¬ 
ful  noans  of  doterniniixs  thv.  stability  of  notion  of  any  non¬ 
linear  systens. 

'Lyapunov's  second  nethod,  applicable  to  the  solvins 
of  non-linear  problcns  of  the  theory  of  autonatic  rcsulation, 
found  further  fruitful  developnont  in  a  series  of  important 
works  bv  Lurie  which  were  collected  by  hi:e  in  a  nonograph 
(12). 

'The  ideas  of  Lyapunov  received  further  essential  dc- 
V -lopnent  in  v;orks  by  Chetayev  (27)  c.nd  ilallcin  (14).  f’or 
solving  analogous  problens,  the  theorens  of  Lyapunov  were  ap¬ 
plied  in  works  by  Lotov  (9).  The  non-linear  problcie  of  au- 
to-osc  illations  of  a  stand  with  a,utcna,tlc  pilot  was  examined 
by  3utonin  (2). 

The  linear  theory  of  notion  stability  and  automatic 
regulation  received  a  poxverfill  ncthod  of  investigation  in 
operations  analysis.  The  eiethods  of  operations  analysis  ap¬ 
plicable  to  prcblon.s  of  mechanic  a  are  worked  out  in  a  aono- 
graph  of  Lurie  (11),  which  plc.yed  an  important  role  in  the 
expansion  of  the  nethods  of  operations  analysis  in  engineer¬ 
ing  c  onput at i ons . 

Interesting  works  in  the  area  of  linear  syste.is  of  au¬ 
tomatic  regulation  are  j^ivon  by  Tsypkin  and  Bronberg  (26), 
Krasovsky  and  Pospelov  (6),  (7). 

Beginning  with  the  works  of  Vyshnegradsky  (5),  the 
transitional  processes  were  invcstiga,ted  after  ter eine-tion  of 
the  action  of  perturbing  forces.  Lately,  in  the  v/orks  of  Bul¬ 
gakov  (1),  Ilalkin  (14),  and  iloisoyev  (16),  methods  of  analy¬ 
zing  the  stability  of  motion  in  constant  (but  limited,  accord¬ 
ing  to  value)  external  perturbing  forces  are  being  worked  out. 
In  these  works,  ideas  are  being  developed  which  were  indica¬ 
ted  by  Lyapunov  (13).  Methods  of  analysis  of  non-linear  for¬ 
ced  oscillations  are  also  analyzed  in  the  works  of  Butenin  (3). 

The  important  work  of  Noym.a,rk  (IS)  allowed  generali¬ 
zing  and  determ.ining  the  general  point  of  vicvi  to  different 
criteria  of  the  stability  of  .aotlon. 

In  the  area  of  simulating  schemes  of  automatic  regu¬ 
lation,  the  v;orks  of  Trapeznikov  and  Kogan  (24)  are  essen¬ 
tial. 

The  investigation  of  the  d^z-namics  of  guided  missiles, 
v/hosc  force  of  thrust  is  of  reactive  origin,  is  based  on  the 
doctrine  of  the  dynamics  of  a  point  and  a  solid  body  of  va¬ 
riable  mass.  The  originator  of  this  doctrine  was  lleshchers- 
ky  (15). 
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differential  equations  with  variable  coefficients,  as  well 
as  non-linear  differential  equations. 

However,  in  such  a  napproach  to  the  selection  of  the 
basic  coefficients  •  of  the  systen  of  auto;:atic  control,  it  is 
not  possible  to  . say  anythins  "the  stability  of  aotion  in 
thw  sense  of  Lyapunov*  as  well  as  in  the  sense  of  technical 
stability  -  stability  at  the  final  tine  interval. 

As- is  correctly  pointed  cut  by  Tsien  (71 )»  it  is  ne¬ 
cessary  for  examination,  of  the  problem  of  stability  of  mo¬ 
tion,  to  set  up  and  examine  the  differential  equations  of  mo¬ 
tion  in  variations  at  the  time  when,  in  simulation,  the  dif¬ 
ferential  equations  of  perturbed  ::otlon  are  being  integrated. 
The  equations  in  variations  campot  be  obtained  without  the 
solution  of  the  dyna.,;ic- problem  of  ideal  motion  of  the  i.iis- 
sile. 

Aside  from  this,  the  numerical  integration  of  diffe¬ 
rential  equations  of  perturbed  motion,  which  is  done  by  e- 
loctronic  simulating  devices,  does  not  allov/  determining  the 
general  laws  of; the  ideal  as  well  as  of  the  real  perturbed 
motion,  since  each  solution  depends  essentially  on  the  initial 
conditions  of  motion  and  the  concrete  values  of  the  constant 
parameters. which  participate  in  the  differential  equations 
of  motional . 

Thus,  for  example,  in  approximated  numerical  integra¬ 
tion  of  the  differential  equations  of  perturbed  motion,  it 
is  not  possible  to  separate  those  compononts  of  a  miss  that 
are  induced  by  the  Inability  to  realize  to  the  end  the  ideal 
air:  according  to  the  selected  method  (duo  to  dynamic  limita¬ 
tions,  of  the  system)  from  those  compononts  of  the  miss  that 
were  induced  by  the  difference  of  the  law  of  ruddor  control 
in. real  motion  from  the  law  of  turbing  the  rudder  in  ideal 
m.otion,  and  conditions  of  stable  aim  of  the  mlssilo  at  the 
tax-get  connected  with  this. 

Thus,  for  the  further  development  of  the  art  of  homing, 
it  is  necessary  to  solve  the  dynamic  problem  of  the  ideal 
motion  of  the  missile  which,  on  one  hand,  would  allow  deter¬ 
mining  the  basic  characteristic  laws  of  the  process  and  the 
dependence  of  the  .  accuracy  of  the  hit  on  the  dynam.ic  and  kine¬ 
matic  parameters  of  the  missile  and  tho  target.  On  the  other 
hand,  tlic  solution  of  this  preblo::  will  allow  obtaining  sys¬ 
tem'  of  differential  equations  in  variations,  which  is  the 
basis  for  selecting  the  scheme  of  automatic  control  and  de¬ 
termining  tho  conditions  of  stable  aiming  of  a  rocket  at  its 
target. 

The  theoretical  basis  for  solving  tho  problem  of  the 
stability. of  rocket  motion  is  tho  fundamental  work  of  Lj^a- 
puiiov  (13).  In  this  work,  Lyapunov  gave  a.  mathematically  ac¬ 
curate  definition  of  the  stability  of  the  motion  of  a  system 


13 


These  ideas  received  further  dcvclopuent  in  the  v;orka 
of  Koanodeiu'yansky  (8). 

The  prohlcr.  of  notion  of  controlled  zisailes  is  beyond 
the. scope  of  external  ballistics.  This  problen,  due  to  its 
s^t-up  and  nothods  of  solution,  is  one  of  the  classic  problems 
Ox  cybernetics,  all  of  the  basic  featurca  and  acthods  of  this 
nev;  science  find  their  place  in  the  investlsat ion  of  the  pro¬ 
blem.  of  hoains. 

Coaparatlvo  analysis  of  the  ideal  systeas  of  notion; 
selection  of  the  optiaua  paraiacters  that  transait  the  infor- 
lation  regard ins  external  conditions;  rational  aethods  of 
transforaing  inforaation  about  external  conditions  into  the 
control  signals,  and,  finally,  synthesis  of  a  systea  of  auto- 
aatic  control  of  notion  --  such  are  the  aost  laportent  coapo- 
.site  parts  of  the  doctrine  of  honing, 

1.  Setting-Up  the  Problea  and  Methods  of  Its  Solution, 

A  critical  Survey  of  the  aethods  of  analysis  and  syn- 
tliGsis  of  hoaing  systeas  allows  planning  a  further  path  of  in¬ 
vestigation,  The  first  problea  is  the  analytical  study  of 
the  dynaaics  of  ideal  notion  of  a  aisailo.  This  division  lo¬ 
gically  develops  the  kinoaatic  study  of  various  aethods  of 
honing.  The  kinoaatic  investigation  (70),  (78),  (79)  was  con¬ 
ducted  under  the.  following  liaitations: 

a)  the  aissilc  and  the  target  wore  regarded  as  loci; 

b)  the  notion  of  the  target  was  taken  to  bo  regular  and 
along  a  straight  line; 

c)  the  scalar  velocity  of  the  aissilc  was  constant. 

Under  those  conditions,  the  kincaatic  equations  of  no¬ 
tion  were  integrated  and  the  following  were  deterained;  the 
trajectory  of  notion; ■ noraal  acceleration;  the  angular  velo¬ 
city  of  the  turn  of  the  tangent;  the  tine  of  the  process  of 
target  pursuit;  the  threshhold  values  of  noraal  acceleration 
and  the  angular  velocity  of  the  turn  of  the  tangent  to  the 
trajectory  near  the  target. 

The.  advantages  and  disadvantages  of  the  various  aethods 
of  honing  were  judged  by  the  character  of  the  changes  of  nor¬ 
aal  acceleration  or  of  angular  velocity  of  the  turn  of  the 
tangent  to  the  trajectory,  which  arc  equivalent  for  a  cons¬ 
tant  value  of  the  velocity. 

Such  an  evaluation  of  the  possibility  of  realization 
of  the  pursuit  up  to  striking  the  target  is  analogous  to  the 
on..'  applied  widely  in  aviation;  nanoly,  according  to  the  va¬ 
lue  of  overload,  or  according  to  the  radius  of  turn  assuned 
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in  the  dyne,  lies  of  o.  ship. 

Tlicso  ©valuations  givo  good  results  in  established, 
stoady-state  i.iotions,  Kowover,  as  the  analysis  shows,  in  a 
mn-stcady-stato  process  of  hov.iins  this  -valuation  leads  to 
considerable  errors,  and,  in  certain  areas  of  values  of  para- 
a.etors,  loads  to  results  directly  opposed  to  reality. 

The  paradoc  of  the  curve  of  pursuit  is  contained  in 
the  fact  that  the  nornal  acceleration  near  the  target  viay  ap¬ 
proach  zero,  the  radius  of  the  curvature  of  the  trajectory 
nay  increase  without  Unit,  the  overload  .'.ay  approach  unity, 
i.e.,  be  absent,  and  the  nissilc  will  not  bo  able  to  reali¬ 
ze  the  •■’.otion  along  the  given,  ideal  trajectory,  since  the 
angle  of  turn  of  the  rudder,  necessary  for  assurance  of  the 
ideal  ;'.otion  near  the  target,  nust  increase  without  Unit, 

Analytical  study  of  the  dyna..iics  of  the  ideal  notion 
of  a  rocket  is  conducted  under  the  following  linitations: 

a)  the  notion  of  the  target  —  uniforn  and  along  a  straight 
linaj 

b)  the  scalar  velocity  of  the  nissilc  is  consta.nt. 

Unlike  the  caso  of  kincnatic  investigation,  the  rocket 
is  regarded  as  a  solid  body  with  a  rudder,  which  noves  under 
the  action  of  the  force  of  thrust,  aerodynanlc  forces,  and 
nonents,  as  well  as  the  force  of  gravity.  Solving  the  dyna- 
nic  problen  of  ideal  notion  of  a  .:issilc  allows  judging  the 
possibility  of  realizing  the  pursuit  along  the  selected  tra¬ 
jectory  on  the  basis  of  the  lavr  of  change  of  angle  of  the 
turn  of  rudder,  while  taking  into  account  the  inertia  of  the 
n.isslle  itself  and  the  action  of  forces  and  ..:o:.icnts, 

Conparing  the  critical  behavior  of  the  angle  of  turn 
of  the  rudder  and  the  noraal  acceleration  of  the  center  of  i- 
nertia  of  the  .nlssile  near  the  target  allows  us  to  solve  the 
"■•..athonatical  paradox  of  the  curve  of  pursuit",  (Bakster, 

/8P7)  • 

The  dynamic  analysis  ofthe  ideal  motion  allows  judging 
whether,  under  the  given  initial  conditions  of  motion,  the 
correlation  of  velocities  of  the  missile  and  the  target,  as 
vfcll  c.s  in  dependence  on  other  kinematic  (the  angle  of  advan¬ 
ce)  and  dynamic  (the  m.oment  of  Inertia,  the  forces  and  moments 
v/hich  influence  the  rocket)  characteristics,  the  guided  mis¬ 
sile  can  pursue  the  target  until  a  mathematic ally-accurate 
hit  or  v/hothcr  it  will  be  a,blo  to  determine  the  value  of  the 
miss,  if  the  rudder,  whoso  angle  of  turn  is  limited  by  braces, 
v^ill  arrive  at  the  extreme  position  before  the  process  of 
target  pursuit  will  be  determined.  In  the  latter  case,  the 
formula  for  the  angle  of  turn  of  the  rudder  in  combination  with 
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tho  equation  of  the  curve  of  pursuit  servos  for  dotor.'.inins 
the  value  of  the  leiss. 

Thus,  solving  tho  problo:.i  of  tho  notion  of  a  suided 
;.:issilc  aloii3  tho  ideal  curves  of  pursuit,  it  is  possible  to 
obtain  a  result  about  tho  dyne. :ic  possibilities  of  tho  nissi- 
Ic,  about  tho  influence  of  various  do sign  factors,  correla¬ 
tions  of  tho  volocitioa  of  the  nissilo  and  tho  tarsot,  tho  an 
glo  of  advance  ahd  initial  conditions  of  notion  to  the  possi¬ 
bility  of  striking  the  target, 

A  study  of  the  dynamics  of  tho  ideal  notion  of  a  nis- 
silo' under  various  nothods  of  honing:  1)  with  a  zero  angle 
of  advance,  when  the  velocity  vector  of  the  rocket  is  unin¬ 
terruptedly  directed  to  the  noving  target;  2)  with  a  constant 
angle  of  advance,  when  the  velocity  vector  of  tho  nissilc  na- 
kes  a  constant  angle  with  the  line  which  connects  the  nissile 
with  the  target  (the  target  lino,  the  guide  liiie  or  distance 
vector);  3)  with  parallel  approach,  when  the  line  of  the  tar¬ 
get  renains  parallel  to  itself  and  the  vector  of  relative 
speed  is  uninterruptedly  directed  to  the  target;  4)  propor¬ 
tional  navigation,  when  the  angular  velocity  of  the  turn  of 
the  tangent  to  tho  trajectory,  of  the  nissile  is  proportional 
to  the  angular  velocity  of  rotation  of  the  target  line,  -- 
allo’./8  conparlng  these  ncthods  and  solocting  fron  then,  those 
that  assure  the  snallcst  or  zero  aiss, 

Conparativo  analysis  of  various  nothods  of  honing  Is 
conducted  on  the  basis  of  tho  law  of  rudder  turn,  v^hich  cor¬ 
responds  to  each  of  the  aothods  of  honing.  At  the  sane  tine, 
this  analysis  allows  answering  the  question  regarding  the 
selection  of  tho  n.ost  rational  para.eotcrs  which  give  the  in- 
fornation  about  external  conditions  --  in  the  giVv-n  case, 
about  tho  values  which  characterize  tho  notion  of  tho  target. 
The  second  problen  is  the  analytical  study  of  the  real 
notion  of  the  nissilc  v/hich  is  realized  by  neans  of  a  schonc 
of  autonatic  control  which  seeks  to  return  the  nissilo  to  one 
of  the  ideal  honing  tra joctorios. 

The  curves  which  arc  close  to  ideal  and  which  arc  rea¬ 
lized  by  the  nissile  under  autonatic  control  of  notion  by 
noans  of  honing  heads,  are  called  tho  real  curves  of  pursuit. 
The  holing  head,  whoso  axis  is  constantly  directed  to  the 
target,  leads  the  nissile  by  neans  of  a  systen  of  autonatic 
control,  giving  a  connand  to  the  rudder  that  is  constantly 
directed  to  elinination  of  the  angle  of  error. 

In  this  case,  the  systen  of  differential  equations  of 
perturbed  or  real  notion  is  detornined  by  the  law  of  rudder 
turn  as  a  function  of  the  angle  of  error. 

Utilising  the  closed  forn  of  the  obtained  solution  of 
the  problen  of  ideal  notion  of  the  nissile  and  tho  differentia 
equations  of  the  real  notion,  the  differential  equations  of 
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iiiotion  in  variations  aro  found.  If  the  law  of  rudder  control 
is  built  up  directly  as  a  function  of  acasurod  error  in  an- 
3ular  aotion,  the  systo:.:  of  differential  equations  in  varia¬ 
tions  has  esswintially  variable  coefficients.  The  selection 
of  paranetors  of  increase  of  the  law  of  control  in  the  case 
of  a  systen  of  differential  equations  in  vario-tions  with  va¬ 
riable  coefficients  has  not  been  developed  in  a  seneral  for;.. 
For  so;;c  particular  problons,  in  this  case,  the  :iethod  of 
adjoint  functions  of  Bliss  (71)  /  sic_J!^  is  applied;  hov;ever, 
for  solving  the  problen  of  the  stability  of  the  aissile  in 
the  process  of  honing,  this  ncthod  cannot  be  utilized.  There¬ 
fore,  the  invest igation  of  the  stability  of  notion  and  the 
selection  of  the  basic  schono  of  autonatic  control  of  notion 
in  honing,  is  bas^d  on  transfornatlon  of  the  paranoters  of 
of  error,  neasured  during  notion,  into  control  signals  which 
pernlt  obtaining  a  systen  of  differential  equations  in  va- 
ria.tiona  with  constant  coefficients  for  flight  in  a  horizon¬ 
tal  plane  (or  in  any  plane,  the  conponent  gravitation  force 
is  not  taken  into  account).  Constant  transfornatlon  of  the 
neasured  parancter  of  error  into  a  controlling  signal  is 
possible  due  to  the  previously/  obtained  solution  of  the  pro- 
blen  of  dynanics  of  ideal  notion  of  the  nissile,  and  is  per- 
forned  by  neans  of  a  conputing  device. 

For  the  systen  of  differential  equations  in  variations 
with  constant  coefficients,  the  selection  of  increase  para- 
.;eters  in  the  lav;  of  control  of  rudder  is  solved  by  classi¬ 
cal  nethods.  The  systen  of  autonatic  control  of  notion  nay 
be  na,dc  self-adjustable  or  nulti-acconodating,  in  the  terni- 
noloq;y  of  Tsion  (71);  furthernorc,  the  principle  of  self-ad¬ 
justing  is  based  on  the  solution  of  the  problen  of  dynanics 
of  the  ideal  notion  of  the  nissile.  The  solution  of  the  pro- 
ble.;  of  dynanics  of  the  real  notion  of  the  nissile  allov/s 
judging  deviations  fron  the  ideal  trajectory,  v;hich  are  in¬ 
duced,  first  of  all,  by  the  difference  of  the  law  of  rudder 
control  in  real  notion  fron  the  law  of  turning  of  the  rudder 
in  ideal  notion  and,  in  the  second  place,  by  initial  pertur¬ 
bances. 

The  analysis  of  the  influence  of  the  gravitational 
force  on  the  stability  of  notion  in  the  case  v;hen  the  plcvno 
of  pursuit  does  not  coincide  with  the  horizontal  plane,  is 
an  inportant  area  in  the  study  of  the  process  of  honing  for 
ideal,  as  v/ell  as  for  real,  notion. 

Subsequent  refinenent  of  the  solution:  taking  into  ac¬ 
count  the  change  of  scalar  velocity  of  the  nissile,  variabi¬ 
lity  of  nass,  change  of  atnospheric  density,  etc,.,  nay  be 
realized  by?-  neans  of  nunerlcal  integration  on  sinulating  de¬ 
vices  for  concrete  Initial  conditions  of  notion  and  parti¬ 
cular  values  of  all  paraneters  which  enter  into  the  differentia. 
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equations  of  ::otion.  Such  a  subsequent  checkins  of  the  se¬ 
lected  construction  and  shci’.o  of  automatic  control  is  ncces- 
3ar3'',  but  it  is  quite  evident  that  in  no  measure  can  it  re¬ 
place '  analytic  analysis  of  the  proble,:. 

Thus,  the  analysis  and  33^nthe3i3  of  the  process  of 
hoains  falls  und^r  tliree  heads: 

a)  ideal  notion  of  the  aissilo,  —  which  allows  dcterninlns 
the  dimanics  of  the  niasile  without  dependence  on  the  s^'^stea 
of  autonatlc  control  of  notion  in  a  general  way,  but  v/ith 
taking  into  account  the  selected  law  of  hoboing,  the  Init.ial 
conditions  of  notion,  and  all  other  d3’'nanlc  and  kinenatic 
characteristics'  of  the  nisoilo  and  the  target; 

b)  rvjal  notion  of  the  nissile,  --  for  wh.ich,  utilizing 
the  obtained  solution  of  tho  problen  for  ideal  notion,  the 
systen  of  differential  equations  in  variations  la.  exanined, 
which  allows  doternining  iho  values  of  coefficients  of  the 
systen  of  autonatic  control,  which  assures  the  stable  ain 
of  the  rocket  at  the  target; 

c)  deterninlng  the  way  to  transforn  noasured  parancters 
of  error  and  controlling  signals  and  setting  up  conditions 
under  vfnich  the  honing  systen  nay  bo  nado  self-adjustable. 

The  analysis  of  the  process  of  honing  is  oqually  ap- 
plicablo  to  nissiles  which  novo  in  the  air  and  in  the  water. 


Basic  Synbols 


a  - 
X,  7  - 


xs,ys  - 


V  - 


distance  between  the  nis silo  and  the  target- 

coordinates  of  the  nissile 

coordinc.tC3  of  the  target 

velocity  of  the  rocket 

velocity  of  the  target 

angle  of  turn  of  the  lino'  of  target  under  zoro  and 
constant  angles  of  advance 

tho  angle  of  turn  of  the  lino  of  target  under  pro¬ 
portional  navigation 


-  angle  of  attack,  angle  of  glide 

^  -  the  angle  of  turn  of  the  tangent  to  the  trajectory  of  the  mis¬ 
sile  under  proportional  navigation. 
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/3  -  c.n5lo  of  turn  of  the  rudder 

-  tliv.  retio  of  velocities  of  tercet  and  :.:issile. 
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